The electromagnetic field due to a horizontal electric dipole placed on top of a two-layer earth is represented in terms of fields due to a dipole over a half-space earth and its image source fields. Integral representations of image source fields are evaluated with uniform asymptotic approximations. Leading order ordinary saddle-point approximation, giving rise to the geometrical optics approximation (GOA), is shown to be inaccurate. This is especially true when the angle of observation is close to the critical angle, which corresponds to the presence of a branch-point singularity near the saddle point. In the uniform asymptotic approximation, the integrand of the image source integral is split into a branch-point free part and another part containing the branch-point singularity. The branch-point free part can be approximated with a spherical wave function, while the part containing the branch point can be approximated with parabolic cylinder functions. Vertical magnetic field components and the horizontal electric field component near the surface are illustrated and compared with the geometrical optics approximation, giving the direct numerical result as well as experimental measurement. It is shown that the uniform asymptotic approximation yields excellent agreement with numerical and experimental results compared to the geometrical optics approximation.
INTRODUCTION
The electromagnetic (EM) field of a dipole antenna over a layered medium has been a subject of continued interest due to its application in geophysical subsurface probing (Wait, 195 I. 1970 (Wait, 195 I. , 1971 Brekhovskikh, 1960; Kong et al, 1972 Kong et al, , 1974 Kong et al, , 1975 Kong et al, , 1977 Tsang et al, 1973 Tsang et al, , 1974 Felsen and Marcuvitz, 1973; Annan, 1973 Rossiteret al, 1973 Rossiteret al, , 1975 . Analytical approximations for the interference field have been obtained using the normalmode expansion method and the geometrical optics approximation (GOA) (Annan, 1973 Tsang and Kong, 1973; Kong et al. 1974; Rossiter et al. 1973 Rossiter et al. . 1975 ). In the norma!-mode expansion method, the field in the layered medium is decomposed into guided modes. It is an efficient method only if the layer thickness is much smaller than the wavelength such that the number of guided modes that need to be considered is small. In GOA. the interference field is expressed as a superposition of fields from the dipole source and its image sources. Fields from the image sources are represented as rays undergoing multiple reflections within the layered medium. The GOA can be verified from the integral representations of the image source fields by using the ordinary saddle-point approximation. It is found that GOA is good when layer thicknesses are large compared to wavelength, i.e., in the domain where geometrical optics applies.
However, there are limitations in GOA, for when the point of observation is not far from the image sources, the ordinary saddlepoint approximation deteriorates. especially when the observation point is in the caustics of geometrical optics. Mathematically, this is due to the proximity of a branch point to the saddle point which modifies the field due to an image source when the angle of observation is close to the critical angle.
We investigate the H, and Em components of the field due to a horizontal electric dipole on a two-layer earth. We shall approximate the integral representation of the image source field using a uniform asymptotic expansion method (Bleistein and Handelsman, 1975) which is uniformly valid for all angles of observation. For the case where the image source and observation-point separation is large, and the angle of observation-point separation is not close to the critical angle, we can show that the uniform asymptotic approximation (UAA) reduces to that of geometrical optics approximation. An important reason for using UAA is that we can extend the range for which the approximation of the image-source representation of the field is valid into the domain where the modal representation of the field has been superior before (Annan, 1973; . Use of the normal-mode expansion method involves numerical search for poles on the complex plane, which becomes inefficient for thick layers. In comparison, the image source representation of the field with UAA is demonstrably a more efficient method to use, complementing the normal mode approach for thin layers.
FORMULATION
With the image-source representation, field components H, and Em in the upper half-space due to a horizontal electric dipole antenna over a two-layer medium ( Figure I ) take the following form (Tsang and Kong, 1973 
we find that equation (6) 
which is a spherical wave approximation. As such, we have an asymptotic approximation to T,, which is uniformly valid for all angles of observation. The approximation of the first term in equation (2), viz, the half-space solution, can also be obtained using the ordinary saddle-point method. Hence, the asymptotic approximation to equation (2) can be used to find H, in equation (1).
RESULTS AND DISCUSSIONS
Using the uniform asymptotic approximation to H,, we obtain a plot of (H, 1 versus the distance from the dipole p as shown in Figure 2 (taking the first layer to be glacial ice) . We also compare our asymptotic approximation with numerical integration of the integral and the GOA. We note excellent agreement of the asymptotic approximation with numerical integration. There are large discrepancies with the GOA, since at one given location p, one of the observation angles o., could be close to the critical angle, or the caustics of geometrical optics (Brekhovskikh, 1960) . Thus the result from GOA deteriorates.
In Figure 3 . we plot 1 EmI as a function of p using UAA and GOA. and compare with experimental measurement using a scaled model tank (Rossiter et al, 1973) field (i.e., at p = k/w, which is ~5.6 A0 in Figure 2 and ered earth is very thick (Figure 3b) . However, when the layered -9.6 ha in Figure 3). When d = 10 ha (Figure 3b) , we note that earth is lossy, GOA and UAA are in good agreement, since the UAA and GOA are in good agreement except when the receiver is image fields are of lesser importance and the saddle point and the at the caustics of the image field. branch point never quite coalesce. In Figure 4 , we compare the plot of IH,( with experimental data collected on measurements performed on the Athabasca glacier (Savage and Paterson, 1963). In this case, both the GOA and UAA agree well with the experimental result, even though d = 1.2 A. This is because of the lossy nature of the ice layer. For the kl complex, the location of the saddle point at kl sin CX, can never coalesce exactly with the branch point at k. Furthermore, the contribution of the field due to the image sources diminishes in such a lossy layer.
To see why UAA changes GOA drastically, we first note from equations (9b) and (SC) that G(Sb) and G(0) are of O(R,"' ) when R, --f ^JO. When the observation angle approaches the critical angle, i.e., Sb -+ 0, we use the small-argument approximation to the parabolic cylinder function in equation (9a) and find that Consequently, we conclude that for a low-loss medium when the image-source fields are important, the application of UAA as opposed to GOA improves approximation to the image fields, thus extending the range of validity of image-field representation. Previously, the use of GOA to the image field deteriorates, when the receiver is at the caustics of the image field even when the lay- 
Combining equations (14) and ( (1% The first term is similar to the direct wave from the image source obtained by saddle-point approximation and the second term is similar to the lateral wave contribution (Brekhovskikh, 1960) . This second term can also be obtained by evaluating the branchpoint contribution using the steepest descent method. We note that the second term in equation (15), which is of higher order, is singular when (Y, = e,, i.e., when the observation point is at the caustics of geometrical optics. If the higher order approximation to equation (3) is obtained using the saddle-point method, the result also becomes singular at the caustics. Consequently, we note the following: (I) The leading order saddle-point approximation to the image source term is equivalent to geometrical optics in diffraction theory: (2) the higher order approximation to the saddle-point method yields terms which are singular at the caustics, analogous to the geometrical theory of diffraction (Keller, 1962) ; and (3) the UAA, which is uniformly valid for all angle of observations, is analogous to the uniform asymptotic theory of diffraction (Lewis and Boersma, 1969) . The uniform asymptotic theory removes singularities of the field at the caustics found in the geometrical theory of diffraction.
In conclusion, we see that GOA for the image source fields in the dipole interference field is valid if R, + m and the angle of observation a, is not close to Bc. When (Y,,, + 9,, anomalous behavior of the field can be accounted for by the properties of parabolic cylinder functions in the UAA. As such, by using the UAA, we extend the range for which the approximation of the image source representation is valid to complement the normal mode expansion method which is efficient for thin layers only. Uniform asymptotic approximation to the field in the caustics for a source on top of a half-space has been obtained by Brekhovskikh (1960) , using an informal approach. However, for the image-source field, it is necessary to separate the integrand into a branch-point free part, which can be approximated with spherical waves, and a part which needs to be approximated with parabolic cylinder functions.
